ABSTRACT
INTRODUCTION
Fuzzy set theory was first proposed for decision making by Bellman and Zadeh [1] . Since then, the application of fuzzy set theory to decision making in a fuzzy environment has been the issue of much research (see Kickert [2] ). For example, Zimmermann [3] worked on fuzzy linear programming with several objective functions, whereas Belin [4] addressed fuzzy group decision making. The basic premise behind these two research efforts was that it is more appropriate to deal with uncertainty by fuzzy set theory than by probability theory.
Bezdek et al. [5, 6] demonstrate this need and the use of fuzzy sets in a 46 T.Y. Tseng and C. M. Klein group decision setting. This setting is easily extended to an individual. As they note, when a decision maker is given a set of alternatives she tends to view it as a mutually exclusive list; she must truly pick one. Through fuzzy sets she is allowed some freedom, and through the decision process she adjusts her views on the alternatives. This type of evolution and alternative consideration can be most easily handled by fuzzy sets because preference on "consensus" is not well defined. The only difficulty is to get the appropriate "fuzzy preferences" from the decision maker. Bezdek et al. [5, 6] give a dynamic approach to handle this scenario. Most of the published work since that of Bellman and Zadeh assumes such a fuzzy preference scheme and consists of finding the best alternative among the available alternatives under the given multiple criteria in that fuzzy environment. This search for the best alternative has generally been carried out by one of two different approaches: (1) the Bellman-Zadeh or implied conjunction method and (2) the weighted-average rating method. In the next section the basic background information about these two approaches and the proposed approach will be presented.
BACKGROUND INFORMATION
Multicriteria decision making involves choosing the best alternative from a set of alternatives. A simple-minded but well-known and often used approach to solve multicriteria decision-making problems is to determine a weightedaverage rating for each alternative and then choose the best alternative based on these ratings. This is done as follows. Let A = { A 1, A 2 ..... Am} be the set of m alternatives that are to be compared. All the alternatives are justified in terms of a set of n criteria Ci, C2 ..... C,. Each criterion is associated with a weighted coefficient Wj, j = 1 ..... n, which is assigned according to the degree of importance of criterion Cj among the set of criteria. The relative merit of a criterion Cj to an alternative A i is assessed by the rating coefficient R ij. According to this additive weighted method, an alternative A i will receive a weighted rating R i where These weighted-average ratings are evaluated by comparing and ranking them to induce an ordering of the alternatives.
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Other methods involve some consideration of the criteria and their relationship with the alternative. By viewing the ratings or criteria as fuzzy subsets to deal with uncertainty it is possible to develop the following fuzzy methodology.
The Implied Conjunction Method
Bellman and Zadeh [1] were pioneers in applying fuzzy set theory to decision making. In their seminal paper, they note that each objective can be represented as a fuzzy subset over a set of alternatives U. Furthermore, if A; denotes the ith objective, the grade of membership of alternative u e U in A i, IZAi(U), denotes the degree to which u satisfies the criterion specified by this objective. They then suggest that the objectives be incorporated in a decision function D. That is, the overall objective function D of a set of objectives A = { Aili = 1 ..... p} can be represented as D = A l ANt) A 2 AND "'" AND Ap. When no other information is available, the appropriate form to mathematically express the AND operation may be the Min operator. Thus, the decision function is 
where a i denotes the weightingcoefficients reflecting the relative importance of objective A i such that
Following the Bellman-Zadeh [1] concept, Yager [7, 8] developed a method for multicriteria decision problems based on the rule of implied conjunction. Consider the multicriteria C l, C 2 ..... C,, expressed as C 1 AND C 2 AND C 3 AND''' AND C n Each criterion is associated with a fuzzy subset over the set of alternatives 
where/3 i > 0, i = 1, 2 ..... n, and ~i is indicative of each criterion's importance or weight. Furthermore, it is assumed that the sum of the weights is equal to the number of weights; that is,
The method of Saaty [9, 10] is used to compute the importance of each objective.
Yager [11] also developed a method to handle fuzzy linguistic ratings instead of numeric ratings of the alternatives. In this model only an ordinal scale for fuzzy linguistic rating or preference is needed. For the model, let { R} be the finite set of elements used to indicate linguistic rating, and the only structure available on { R} is a linear ordering. Each objective i and each alternative of objective i can be assessed by weight w i and fuzzy rating R u, respectively. This assessment can be denoted as 
Finally, the optimal alternative A* is identified as
The Weighted-Average Rating Method Baas and Kwakernaak [12] proposed an algorithm to rate and rank multiple alternatives in decision-making problems that are uncertain or imprecise in nature. They assume that all the alternatives can be characterized by a set of attributes, that each attribute is associated with a weight that is a measure of its importance, and that each alternative can also be rated with respect to each attribute.
These weights and ratings are characterized by membership functions. The method computes a weighted final rating for each alternative and then evaluates a final ranking of the alternatives. Two more recent and more efficient methods based on Baas and Kwakernaak are described below. These methods will provide a basis for the new method to be proposed. Dong et al. [13] presented the DSW algorithm, which makes use of the c~ level-sets representations of fuzzy sets and interval analysis to successfully manage the disadvantages found in the Baas-Kwakernaak approach. For their approach, let R be the universe of discourse and I, J, and K be three convex fuzzy subsets of the universe of discourse R. Furthermore, let X, Y, and Z be supports of I, J, and K, respectively. The operation between I, J, and K is defined as
where the symbol * denotes any of the algebraic operation +, -, ×, +.
It must be noted that it is the elements of intervals X and Y that are operated on by the algebraic operation *, producing the interval Z, which is the support of K. Hence,
Z=X*Y= {z=x*ylxeX, yeY}
Based on the mapping and the extension principle, the membership of an element z of Z in K is obtained from the membership of elements x and y in X and Y, respectively. It is given by
The DSW algorithm is then given as follows:
1. Pick an a value where 0 _< o~ ___ 1; o~ is a membership value. 2. Locate the intervals in X and Y that correspond to this c~. These intervals are the t~ level-sets of ! and J. 3. Compute the intervals in Z corresponding to those of X and Y by using binary algebraic interval operations. This new interval is the c~ level-set of K. 4. Repeat the above steps for various values of c~ to complete an ot representation of the solution. Dong and Wong [14] revised the DSW algorithm and presented the fuzzy weighted average or FWA algorithm. Both algorithms are based on the tx level-sets representation of fuzzy sets and interval analysis. However, step 3 in the DSW algorithm is revised and the FWA algorithm is described as follows. Also note that the FWA algorithm was found to be the "best" ranking method of 28 tested by Tseng and Klein [15] . 5. Repeat the process for other a values and obtain the FWA solution to the fuzzy number B. In the FWA algorithm, the interval operation of fuzzy numbers is no longer used. Instead, a combinational interval analysis is substituted. The reason for this change is that in interval analysis when a variable occurs more than once in the algebraic expression, the interval operations involving the variable must be handled simultaneously. Otherwise, the identity of the variable in its occurrences in the expression is lost. The resulting interval is wider than it should be and contains the incorrect interval.
There are distinct disadvantages to the algorithms discussed. These disadvantages provide the motivation for the development of a new approach to solve fuzzy multicriteria decision-making problems and are discussed in the following sections.
THE PROPOSED NEW ALGORITHM AND METHODOLOGY
The fuzzy ratings used in the weighted-average rating method discussed in the preceding section are linguistic. However, although the fuzzy ratings used in the implied conjunction method are either numeric or linguistic, the methods for each are not interchangeable.
The fuzzy linguistic ratings used for the weighted-average rating method must be mathematically defined by a membership function. However, for the fuzzy linguistic ratings for the implied conjunction approach, ordinal information is used. Thus, the implied conjunction approach has the disadvantage of less accuracy and less dependability.
Therefore, it seems appropriate to develop a new algorithm that will integrate the advantages of the weighted-average rating method and the implied conjunction method. That is, an algorithm should (1) use a fuzzy linguistic rating that is mathematically defined by the membership function, (2) transform a fuzzy linguistic rating into a fuzzy numeric rating, and (3) apply the implied conjunction method or the weighted-average rating method to find the optimal decision in a fuzzy multicriteria decision problem. Taking these three conditions into consideration, an algorithm will be developed in this section. Note that the fuzzy linguistic rating, which is a fuzzy subset, will be assumed to be a fuzzy number. The terms fuzzy linguistic rating and fuzzy number will be used interchangeably.
The Proposed Algorithm
The proposed algorithm is based on the weighted-average method. To use the method to greatest advantage, a transformation from the fuzzy linguistic rating into a fuzzy numeric rating is needed.
There are several ways to transform a fuzzy linguistic rating into a fuzzy numeric rating. For instance, the peak of the fuzzy linguistic rating or fuzzy number may be used for the transformation. The proposed transformations, however, use the center of the area that is covered by the fuzzy number to represent the transformation from the fuzzy linguistic rating into the fuzzy numeric rating. This type of transformation was chosen because it is sensitive to and is able to respond to variations in the fuzzy numbers for most cases. This sensitivity, which makes it easy to discriminate most fuzzy numbers, is central to transforming a fuzzy linguistic rating into a fuzzy numeric rating.
. An} be a set of fuzzy linguistic ratings or fuzzy numbers in the real line R. t~Ai(U) is the grade of membership of u in A r Then, the transformation u(Ai) of A i from the fuzzy linguistic rating into the fuzzy numeric rating is defined as follows.
Model 1:
where and and
s,--{ul > o}
Then the grade of membership gAi of Ai for each model in the fuzzy numeric rating is denoted by
Thus, after the transformation, the fuzzy linguistic rating A i will be a fuzzy singleton that has only one point in the fuzzy set. The fuzzy singleton of the transformation of the fuzzy linguistic rating, A i, can be expressed as
Since the fuzzy linguistic ratings or the fuzzy numbers under consideration are assumed to be convex and normal, A i can be expressed as A i = 1 / u(A i)-Hence, the weighted-average operation in fuzzy multicriteria decision making can be defined in the following manner. 3. Rank the alternatives (Definition 3).
EVALUATION EXPERIMENT
Since the proposed method hinges on the transformation of a fuzzy linguistic rating to a fuzzy numeric rating, it is necessary to validate this procedure for decision making before continuing. In order to evaluate the proposed algorithm, a prototype problem for the fuzzy multicriteria decision making is first constructed. Then an experiment based on the prototype problem will be conducted.
A Prototype Problem
For simplicity, a 3 × 3 multicriteria decision problem is formulated. That is, three alternatives A = { A 1, A 2, A3} and three criteria C = {C~, C z, C3} will be considered in the following experiment.
The fuzzy linguistic rating rij is used to denote the assessment of each alternative A i by the criterion Cj. The possible ratings in this experiment are Very high, High, More or less high, Medium, More or less low, Low, and Very low, which are expressed in descending order of the linguistic ratings in meaning. The importance or weight factors wj also can be represented by these seven possible ratings. An example of this prototype multicriteria decision problem is given in Table 1 . The objective of this prototype multicriteria decision problem is to find the best alternatives based on the given criteria.
Three sets of membership functions, S1, $2, and $3, are defined in Tables  2, 3 , and 4, respectively, for the meanings of the seven fuzzy linguistic ratings. The ratings of each set are also illustrated in Figures 1, 2, and 3 , respectively. These three sets of ratings will be used in the following experiment.
Comparing Figures 1 and 2 , it can be seen that all seven fuzzy linguistic ratings or fuzzy numbers in sets S1 and $2 have very similar meanings. However, the base variable u in $1 is 0 < u <_ 10 but the base variable u in $2 is 1 _< u _< 10. The purpose of these two sets is to investigate the influence of the base variable u, which contains zero, on the FWA algorithm. The FWA algorithm will play an important role in this experimental application of the proposed methodologies. Figures 2 and 3 show that both sets $2 and $3 have the same domain in the base variable u but that they have a slight variation in the meanings of seven linguistic ratings. These two sets will be used to investigate the impact of the variation of the meaning in the seven linguistic ratings on the proposed transformations.
VALIDATION CRITERIA Based on an extensive literature review by Tseng and Klein [15] , the performance characteristics of the fuzzy weighted average (FWA) algorithm were selected as evaluation criteria. The reasons for this selection are that since the fuzzy linguistic terms are used for rating, only the weighted-average method can be selected, and the FWA algorithm is the most efficient and effective algorithm of the existing weighted-average methods. Four indices characterizing the performance of the FWA algorithm are used to evaluate the performance of the proposed transformations: (1) optimal alternative, (2) total equality, (3) major equality, and (4) minor equality.
The index of the optimal alternative measures the percent of times the optimal alternative generated by the proposed methodology is equal to the one generated by the FWA algorithm. The index of total equality measures the percent of times the complete ranking order of the alternatives generated by the proposed methodology is equal to the ranking order given by the FWA 5"/ equality of the ordering generated by the proposed methodology is equal to the ordering generated by the FWA algorithm. This partial equality is based on the optimal alternative and occurs when the optimal alternative is ranked first, but the other alternatives may be ranked with different preferred magnitudes. The index of minor equality measures the percent of time all the existing partial equalities of the ordering generated by the proposed methodology are equal to the partial orderings generated by the FWA algorithm.
To help illustrate these measures, consider the following two rankings, R 1 and R2.
RI: A > B> C> D

R2: A > C> B> D
Both rankings give the same optimal or first alternative. This is what is measured by the first index. The two rankings are not completely the same and hence are not "total equality," which is the second index. Total equality is determined by both the order of the alternatives and the preference. The third index, "major equality," is not satisfied for this example. If R2 were A > B -C -D, then major equality would be satisfied because the order is SCOPE OF EXPERIMENT This experiment was programmed in singleprecision Fortran. The inputs for the ratings of alternatives assessed by the criteria and the importances or weights of criteria in the prototype problem for fuzzy multicriteria decision making are the seven possible fuzzy linguistic ratings or fuzzy numbers. These seven possible fuzzy ratings or fuzzy numbers contain three sets of membership functions, S1, $2, and $3, which were shown previously. The linguistic ratings of the alternatives and the weights of the criteria in the prototype problem were randomly generated. A random number generator program was employed, and a uniform distribution for the seven fuzzy linguistic ratings was used to assign the random numbers into the ratings or the weights.
The programs included in the experiment were the FWA algorithm and the proposed weighted-average method containing the two models, Models I and 2. Each model was coded in Fortran, and the ranking orders of the alternatives were computed and listed for each program.
In the more detailed version of the FWA algorithm given below, two Fortran programs and one SAS/GRAPH program were used. For each alternative of the prototype problem, the four steps of the FWA algorithm were divided into two Fortran programs. The first Fortran program was responsible for steps 1 and 2 of the FWA algorithm. Eleven et values from 0 to 1.0 in steps of 0.1 were used in this experiment, and the corresponding intervals of each ct value were also computed. THE FWA ALGORITHM 1. Discretize the number and the value of the u-cut (11 or-cuts were employed in the experiment). 2. Find the interval of an c~-cut for each fuzzy number of the linguistic ratings in each alternative. 3. Find the possible permutations of an c~-cut (which is 2 6 = 64 for this 3 X 3 prototype problem). 4. Evaluate the 64 combinations by the weighted-average equation, and find the maximum and minimum as the resultant interval for an or-cut. 5. Repeat steps 2-4 for all the t~-cuts in an alternative. 6. Repeat steps 2-5 for three alternatives. 7. Plot the outcomes of the three alternatives. 8. Repeat steps 1-7 for all the test runs. 9. Rank the alternatives.
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The second Fortran program responsible for steps 3 and 4 permuted and evaluated 64 combinations of each cx value to find the maximum and minimum values. Furthermore, the results from the second Fortran program were plotted by the SAS program into three fuzzy numbers that represent the outcomes of the three alternatives evaluated by the criteria in the FWA algorithm. To rank these three fuzzy numbers, the Tseng-Klein [16] algorithm for ranking fuzzy numbers was employed. After the ranking orders of the three methods were obtained, the four indices of the validation criteria were employed to compare the orderings of the methods. The outputs of the experiment are discussed in the next section.
EXPERIMENTAL OUTCOMES
This experiment was run on an IBM 4381-R14 (VM/SP HPO Release 4.2) mainframe computer using the VS Fortran compiler under the VM/CMS environment.
To run this experiment, the following experimental strategy was used. The experiment was divided into two stages. In the first stage, a screening process was used. That is, 100 test runs were made for each model of the proposed algorithm. The outcomes were then evaluated. Those models that did not have a competitive performance were withdrawn. In the second stage, 1000 test runs were made for those models that qualified in the first stage, and performances were again evaluated.
The experimental outcomes in stage 1 are summarized in Table 5 by the categorization of the input set and in Table 6 by the categorization of the model for the proposed weighted-average method. The tables display the performance evaluation of each model of the proposed algorithm with respect to the four indices.
To facilitate the performance analysis of each model of the proposed algorithm, graphical illustrations of Tables 5 and 6 and 5. The indices for the figures, which are indicated by numbers 1-4 in ascending order, correspond to the optimal alternative, total equality, major equality, and minor equality criteria, respectively. The experimental outcomes of the weighted-average method in stage 2 are summarized in Tables 7 and 8 by input set and by model, respectively. Graphical illustrations of Tables 7 and 8 are presented in Figures 6 and 7 for the categorization of the input set and in Figures 8 and 9 for the categorization of the model.
Evaluation and Comparison of Proposed Methodologies
From Tables 5 and 6 and Figures 4 and 5 , the evaluation of the weightedaverage method in the first stage of the experiment can be analyzed and summarized as follows. 
The Four Indices The performance of the weighted-average method is determined by both the input set and the model. The performance of the four indices in Models 1 and 2 is determined by the variation of the input set. That is, the performance of the four indices in Model 1 is indifferent to, is inferior to, and is superior to the performance of the four indices in Model 2 for input sets S1, $2, and $3, respectively. However, the performance of the four indices in input sets S1, $2, and $3 is also determined by the model. That is, the performance of the four indices in $3 is superior to the performance of the four indices in $2, and the performance of the four indices in $2 is superior to the performance of the four indices in $1 for Model 1. The performance of the four indices in $2 is superior to the performance of the four indices in $3, and the performance of the four indices in $3 is superior to the performance of the four indices in S1 for Model 2.
An interesting finding, which excluded the input set $1 from the experiment in stage 2, is that the input set $1 distorted the outcome of the FWA algorithm in some cases. The situation occurred as follows. In the FWA algorithm, step 4 evaluates the function f(Xl, X 2 ..... X6) for the 2 6 = 64 combinations and then decides the interval by the maximum and minimum values from the 64 combinations for each a-cut. However, because the domains of the three linguistic ratings Very low, More or less low, and Low contained zero in the input set S1, an erroneous result can occur in step 4 of the FWA algorithm because of zero being the minimum. Therefore, the first stage of the experiment concluded that the proposed weighted-average algorithm with both models and the input sets $2 and $3 were to be used in the second stage.
Using Tables 7 and 8 and Figures 6-9 , the evaluation of the weightedaverage method in the second stage of 1000 test runs is analyzed and summarized.
The performance of the weighted-average method in this extensive run is determined by the model and the input set. It has been shown that the model and input from stage 2 are consistent. That is, the performance of the four indices in Model 1 is superior to the performance of the four indices in Model 2 for input sets S2 and $3 in the extensive test run. Also the performance of the four indices in input set $3 is superior to the performance of the four 
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The Four Indices Figure 6 . The performance evaluation of two models in input $2 (1000 test runs). The Four Indices Figure 7 . The performance evaluation of two models in input set $3 (1000 test runs).
indices in input set $2 for Models 1 and 2 in the extensive test run. Therefore, we can conclude that the proposed weighted-average method works very well and is competitive with the FWA algorithm.
EVALUATION AND COMPARISON OF THE PROPOSED WEIGHTED-AVERAGE METHOD AND THE FWA ALGORITHM
To evaluate and compare the performance of the proposed weighted-average method and the FWA algorithm, two factors, effectiveness and efficiency, will be considered as the criteria of the judgment. Table 7 The Four fndices Figure 9 . The performance evaluation of two input sets in Model 2 (1000 test runs).
prototype problem in fuzzy multicriteria decision making. The proposed algorithm yields results very close to that of the FWA algorithm. In the following, a comparison of the efficiency of the FWA algorithm and the weighted-average method will be conducted. Table 9 gives summary statistics on CPU time consumed by the proposed algorithm for the two models of transformation and by the FWA algorithm for 1000 test runs for input sets $2 and $3. For the FWA algorithm, the measured CPU time is only for steps 1-8. The CPU time for step 7 in the SAS/GRAPH program was computed for only 100 test runs and then multiplied by 10 to approximate 1000 runs in the experiment. Note that the CPU time was measured with compiler level 0 for the Fortran program and with an IBM 3179 graphics terminal for the SAS/GRAPH program under the high-performance speed of the IBM mainframe. Note: The total CPU time in the FWA algorithm does not include the time for ranking the alternatives.
As indicated in Table 9 , the savings in CPU time for Models 1 and 2 of the proposed weighted-average method in comparison to the FWA algorithm are tremendously significant. This finding indicates that the proposed weightedaverage method using Models 1 and 2 is very efficient. Based on the evaluation of Models 1 and 2 and on the comparison of Models 1 and 2 with the FWA algorithm, it can be concluded that Models 1 and 2 of the proposed weightedaverage method are two efficient and effective methods for evaluating a fuzzy multicriteria decision problem.
SUMMARY AND CONCLUSIONS
This paper has presented a new algorithm based on two transformation models for solving fuzzy multicriteria decision problems. The new algorithm is based on the transformation of a fuzzy linguistic rating and on the weightedaverage method of multicriteria decision making.
The performance of each of the models was tested on a prototype problem using three sets of fuzzy linguistic ratings. This test consisted of two stages. In the first stage, three sets of fuzzy linguistic ratings were employed for 100 test runs. In the second stage, the two sets of fuzzy linguistic ratings that qualified in stage 1 were used for 1000 test runs. The performance evaluation of the proposed methodologies was based on the FWA algorithm and four performance indices.
In particular, the proposed weighted-average method was shown to be much more efficient than the FWA algorithm and nearly as precise in its choice of alternatives as the FWA algorithm. This precision, 99% equivalent to the FWA algorithm for the optimal alternative, in conjunction with the superior computational efficiency, indicates that the proposed weighted-average method is an effective and efficient method for multicriteria decision making, Future considerations for this method are threefold. First, the algorithm should be further tested on a wider variety of linguistic sets to determine its overall sensitivity. Second, it would be interesting to test the algorithm in a group setting and use it as part of a dynamic method along the lines of Bezdek et al. [5, 6] . Third, and most important, this method should be tested in a "real" decision-making situation. The fuzzy literature is sparse in actual applications in fuzzy decision making. To make this a viable alternative, applications must be done.
